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Abstract. Klcc introduced the proximate fixed point property for compacta 
which is stronger than fixed point property. We consider relations between 
proximate fixed point property of spaces being result of application of different 
operations to continua. As an application we show this property for products, 
cones, suspensions and joins of span continua. 



1. Introductory lemmas 

All spaces are considered to be subspaces of an AR compactum Q. The closed 
e-neighborhood of X, ie., {x £ Q : p(x, X) < e} of a set X will be denoted by 
X £ , it is assumed to be an ANR. Notation x = y means that p(x, y) < e Let X, Y 
be compacta, and e > . We say that a function / : X — > Y is e- continuous 
if there exist a number 5 > such that if p(x,x') < 5 then p(f(x),f(x') < e. 
Victor Klee in |Klee] introduced the following 

Definition 1. A compactum X has the proximate fixed point property (shortly 
PfPP ) f or every e > there exists a number 5 > such that if f : X — >■ X is 
5 -continuous then there exists a point x £ X such that x = f(x) 

. The pfpp is a topological property and if a compactum has the pfpp then it 
has the fixed point property (Klee). In fig.l are presented examples of continua 
with the fixed point property but without the pfpp - a warsaw circle nad a spiral 
winding up a triod. If an ANR has the fixed point property then it has the pfpp 
as well (Klee). Jose Sanjurjo showed in |Sanj | the following 

Theorem 1 (Sanjurjo). A compactum X has the proximate fixed point property 
for every e > there exists 5 > such that if f is a mapping from X to X s 
then x = f{x) for a point x £ X. 

We will use this rather than original definition of Klee. There are some simple 
but useful counterparts of well known fixed point theorems: Let us recall, that a 
mapping / : X — > Y isuniversal if for every g : X — > Y there exists x £ X such 
that fix) = gix) (Holsztynski). 

Proposition 1. Let X be a continuum. If for every e > there exists a universal 
e-mapping f : X —>Y, where Y £ ia an ANR then X has the pfpp. 

Proof. Let / be a universal e/2- mapping of X onto Y - an ANR compactum 
Y. For some 5 > we can extend it to an e/2-mapping g : X s — > Y. Now 
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Continua with fpp but without pfpp 



Figure 1. . 

let h : X — > X s . Because / is universal there exists a point x G X such that 
f(x) = gh[x) and hence f(x) = x. □ 

A consequence of Proposition (jl]) is: 

Proposition 2. Each ANR having fpp has pfpp as well. 

Proposition 3 (Klee). Every retract Y of a continuuum X with the pfpp has the 
pfpp as well. 

We call a mapping / : X — > Y an e- shift if x = fix) for every x E X 

Proposition 4. If for every number e > there exists an e-shift of a continuum 
X into its subcontinuum X £ with pfpp then X has pfpp. 

For us however, there will be useful a strengthening: 

Proposition 5. Let X be a continuum -If for every number e > there exists 
a subcontinuum X £ with pfpp such that for every number £ > there exists an 
e-shift /| : X — >■ Xj then X has pfpp. 

Proof. Let e > and let A = e/3. Choose rj > such that for every <fi : X\ — > X^ 
there exists a point Xq G X\ such that x = ^(^o)- Consider a A-shift / : X — > 
Xf. It can be extended to a 2A-shift / : X 5 — > X^ for a number 5 > 0. Now, 
let g : X — >■ X s . The composition / o g maps into X^, hence we have a point 

x G X a C X such that x = / ° <?(xo) = 9( x o)- Thus g(x ) = ^o- D 
Sometimes is useful an outer approximation. One can easily show the following: 
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Proposition 6. Let X be a continuum. If for every number e > there exists 
an e -shift f : X e — > X , where X £ is a continuum with pfpp such that X C X e 
then the continuum X has pfpp. 

A countable product of compacta has small projections onto finite subproducts, 



Proposition 7. If for a family of continua Xi, i = 1, 2, . . . each cartesian product 
of finite subfamily has pfpp then the product Y]°^. 1 Xi has pfpp as well. 

Let us recall that a continuum X has trivial shape if inclusion mapping i : 
X — y X £ is homotopic to a mapping into a point for every number e > [Bo]). 

Proposition 8. Denote I = [—1,1]. Let X be a continuum of trivial shape. If 
the cylinder X x I has pfpp then the cone C(X) and the suspension S(X) have 
pfpp as well. 

Proof. The cone C(X) is the quotient space X x [0, 1]/X x {1}. The continuum X 
is of trivial shape, hence for every number £ > the embedding l : X x [— 1, 1] — x 
X^ extends to a mapping Z : C(X) — x X^. Replacing the whole cone C(X) 
with its e/2-top X x [1 — e/2, l]/X x {1} we obtain an e-shift of the e/2-top 
into arbitrarily close neighborhood, being identity on the bottom of the e/2- 
top. We can extend it on the whole C(X) defining the extension to be identity 
on the truncated cone corresponding to X x [0, 1 — e]. The truncated cone is 
homeomorphic to the cylinder Xxl. Hence we have for every e > an e-shift into 
arbitrarily close neighborhood of a continuum with pfpp in C(X). That means 
by Proposition [5] that C(X) has pfpp. A proof for S(X) goes quite alike. □ 

Recall that join of spaces X and Y, denoted A * B, is the quotient space 
of the product X x Y x [0,1] divided by relation generated by (x, yi,0) ~ 
(x, j/2,0) for all x G X and y\,y2 £ Y,(x\,y,l) ~ {x%, y, 1) for all 21, £2 £ 
X and y G K 

Proposition 9. Let X be a continuum of trivial shape. If the product of continua 
1x7x1 has pfpp then the product C(X) x Y has pfpp. Moreover if Y is of 
trivial shape too then the join X * Y has pfpp as well. 

Proof, in the case of C(X) xFwe can consider it as a quotient space of the prod- 
uct 1x1x7 and using small shifts of C (X) into arbitrarily close neighborhood 
of a truncated cone we obtain small shifts of C(X) (see proof of previous theorem) 
into arbitrarily close neighborhood of X x [0, 1 — e] x Y which is homeomorphic 
to X x Y x I, hence has pfpp. In the case of the join we can consider similar 
small shifts into arbitrarily close neighborhoods of parts of the join corresponding 
to X x Y x [e, 1 — e]. In both cases applying Proposition^] we obtain pfpp for 




hence from Proposition [4] we have: 




C{X) x Y and X *Y. 



□ 
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2. The proximate fixed point property and span continua. 

Lelek has introduced in |Lel j following notions. A continuum X is said to be 
span continuum, shortly o~(X) = if for every continuum K and mappings 
f,g;K — > X such that f(K) = g(K) there exists a point k G K such that 
f(k) = g(k). A continuum X is of surjective semispan 0, shortly o~q(X) = 0, if 
for every two mappings f,g;K^-X , such that / is surjective,of a continuum 
K there exists k G K such that f(k) = g(k). The continuum X has semispan 
if its every subcontinuum has surjective semispan. A continuum has span if 
and only if it has semispan QDvJ). That means that a span continuum has 
surjective semispan It is easy to show the following property of a continuum X 
of surjective semispan: 

Lemma 1. Let X be a continuum and let Cq(X) = 0. Then for every e > there 
exists 5 > such that 

*) If f, g : K — > X s are mappings of a continuum K such that the Hausdorff 
distance of f(K) to X is less than 5 then there exists a point k G K such that 

f(k)=g(k). 

Proof. Suppose not, ie., there exists a number e > such that for every 5 > 
there exist mappings f,g:K^ X s with Hausdorff distance of f(K) from X less 
than 5. Consider in Q x Q the set L$ = {(f(k),g(k)) : k G K}. We can choose a 
convergent sequence of Lg with 5 — > 0, and denote L the limit continuum. Then 
we have that the projection of L onto first coordinate equals X and the projection 
on the second coordinate contains in X and for every ( G L$ the distance between 
7Ti(C) and 7T2(C) is greater than e. This violates ctq(X) = □ 

We need a 

Lemma 2. Let D denote the unit ball in a space W 1 (in the case ofM. we have 
D = 1). Let for a continuum X the cartesian product X x D has pfpp. Then for 
every number e > there exists a number 5 > such that 

**) if f : X x D — )■ X s then the restriction of the projection tt d : X x D — > D 
to the set T(f,e) = {{x,y) G X x D : F(x,y) = x} is essential. 

Proof. Suppose not, i.e., for each 5 > there exists / : X x D — > X s such 
that the restriction 7i£)|r(/, e) is inessential. Hence there exists a mapping $ : 
r(/,e) dD such that $(C) = tt^(C) for C G r(/,e) n 7r D 1 (a J D).Let 77 > be 

such that $(C) = TToCC) provided ||7Td(C)|| > 1 — rj. Let h : D ^ D denote the 
homeomorphism defined by the formula h(y) = y||?/|| lo so.25( 1 - ? ?) ( h maps the ball 
B(0, 1 — 77) onto the ball 5(0,0.25)). Let $ be an extension of $ over X x D. 
We define 5 :IxD^I*xflby = (/(x, hT 1 {y))). The 

mapping g moves points more then min(0.5,e) and this violates pfpp of I x D 
because 5 can be arbitrarily small. □ 
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Theorem 2. Let X x I has pfpp and let Y be of surjective semispan 0. Then 
X x Y has pfpp as well. 

Proof. Suppose on the contrary that there exists a number e > such that for 
every number 5 > there exists a mapping / : X x Y — > X s x Y s moving points 
more than 2e. Take 5 such that conditions *) from Lemma|T]and **)from Lemma 
[2] with D — I are fulfilled. We can extend / to a mapping / : X x Y v — > X s x Y 5 
moving all points more than 2e. Let J C Y v be an arc with Hausdorff distance 
from y less than 5. Let (7 : X x J — > X s denote the mapping 7i"x<5 o / restricted 
to X x J. From **) there exists a continuum K in the set T(g,e) the image of 
which under TTyv is J. Thus from *) there exists a point (x,y) G X such that 

ttyv o /(ar, 2/) = (x, 2/) and hence f(x, y) = [x, y). □ 

Theorem 3. For every family Yi,i = 1,2 ... ,n of continua of surjective semispan 
their product has pfpp. (c/. |Mar| j 

Proof. We can start with I n which has pfpp as an AR and successively replace 
the copies of I with Y^ applying Theorem [2] □ 

From this, using Proposition [7] we get 

Theorem 4. For every family Yi,i = 1,2,... of continua with cr(Xj) = their 
product has pfpp. 

Oversteegen and Tymchatyn showed in |Q-T] that span continua are tree- 
like, i.e., they are trivial shape one dimensional continua. Using this and Propo- 
sitions [8] and |9] we obtain 

Theorem 5. For a span continuum X its cone C(X) and suspension S(X) have 
pfpp. Moreover ifXi,i = 1, .. .n are span continua then every join X\-k- ■ -~kX n 
as well as every multiple application of operations S, C, *, x to this spaces has 
pfpp 

Theorem 6. IfY is an ANR continuum such that Y x I has fixed point property 
then for every span continuum X the product 7x1 has pfpp. 

3. ESSENTIALLY SURROUNDED CONTINUA IN lR n 

The next is a modification for embeddings in IR n of Professor Sieklucki's idea 
of q — essential mappings. 

Definition 2. A continuum X C W 1 will be called essentially surrounded if for 
every number e > there exists an n-dimensional disc D in M. n such thatX C 
<f)(D) and (* the restriction of projection ttd of X x D to the set G = {(x,y) : 
p(%, y) < ^} i> s essential 

It is easy to check that the condition *) in previous definition can be replaced 
with the following **) there exists a compactum C and mappings : C — > X 
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and ipC — > D such that 0(£) e =ip(()) and ip is essential. We will consider also 
some stronger condition 

Definition 3. A continuum X C W 1 will be called simply essentially surrounded 
if for every number e > there exists an n-dimensional disc D in W 1 such that 
for every 5 > there exist a mapping ip : D — >■ D and a mapping : D — > X s 
such that ip is homotopic to the identity mapping of D by a homotopy of the pair 
(D, dD) and p((f>(x), ip(x) < e for x G D 

In the fig. is pictured continuum in M 2 which is simply essentially surrounded 
(the closure of bounded component of complement of the Warsaw circle in IR 2 ). 
I do not know any continuum which is essentially surrounded but is not simply 
essentially surrounded. 

Theorem 7. If X C M n is an essentially surrounded continuum then X has pfpp. 

Proof. Consider for an e > a disc D containing X such that there are a com- 

< 

pactum C and mappings : C — > X and ipC — > D such that <p(() e/2 =ip(C)) 
and ij} is essential and hence universal. Take 5 > such that there exists a re- 
traction r : D s — > D shifting points less than e/2. Now, let / : X — > D s . Then 
r o / : X — > D, and there exists a point c G C such that ip(c) = r(f(<f)(c)). But 

r(/(0(c) t 2 /(0(c)) a nd 0(c)) t 2 ^( c ) thus /(0(c)) ^ 0(c). □ 

Definition 4. VKe say that a continuum Y has close n-pith if for every number 
e > t/iere exists a number 5 > sitc/i i/itrf /or ever?/ rj > i/iere exists p : 
Z^ n X* 7 ^ we wnZZ caW i/iis mapping a pithj snc/i i/iai z/0 : Z — > D n is essential 
and ip : Z — > X 5 zs any mapping then there exists a point z G Z such that 
p((f)(z)) = ip(z) 

Proposition 10. If X C M n is simply essentially surrounded then X has close 
n-pith. 

Proof. For a given number e > take a disc D such as in the definition for 
S\ = e/2. Let 8 > be such that there exists a retraction r : — > D being 
an E\ shift. For a given 77 > consider a mapping : Z) — > X* 7 for which there 
is -0 : D — 7- D homotopic to the identity mapping. Now is an 77-close to X 
pith. Indeed, if / : Z — > D is essential then the composition o / is essential 
by the Borsuk Extension ofHomotopy Theorem, hence it is universal. Now, if 
g : Z X s C D s then r o g : Z — >■ D and from universality of o / there 
is z G Z such that r(g(z)) = <fi(f(z)) = ip(f(z)) and taking into account that 

»"(</(*)) - fl'C^) we have = D 

Theorem 8. Let X be a continuum such that X x D n has pfpp, and let Y has 
close n-pith. Then X x Y has pfpp. 

Proof. The argument goes by replicating the proof of Theorem [2] □ 
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FIGURE 2. Simply surrounded continuum 

As an immediate application we get 

Claim 1. If a continuum Y C lR n is simply essentially surrounded and X x D n 
has pfpp then X x Y has pfpp too. 
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